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ABSTRACT: We investigate classical solutions in closed bosonic string field theory and
heterotic string field theory that are obtained order by order starting from solutions of
the linearized equations of motion, and we discuss the “field redefinitions” which relate
massless fields on the string field theory side and the low energy effective theory side.
Massless components of the string field theory solutions are not corrected and from them
we can infer corresponding solutions in the effective theory: the chiral null model and the
pp-wave solution with B-field, which have been known to be a’-exact. These two sets of
solutions on the two sides look slightly different because of the field redefinitions. It turns
out that T-duality is a useful tool to determine them: We show that some part of the
field redefinitions can be determined by using the correspondence between T-duality rules
on the two sides, irrespective of the detail of the interaction terms and the integrating-out
procedure. Applying the field redefinitions, we see that the solutions on the effective theory
side are reproduced from the string field theory solutions.
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1. Introduction

In closed string field theories, which are nonpolynomial analogs of Witten’s cubic open
string field theory [fl], there are few known examples of classical solutions. On the other
hand, in the low energy effective field theories we know many solutions. It is important to
fill this gap because closed string field theories may give nonperturbative formulations of
string theory.

We have an additional complication when we compare solutions in closed string field
theories with those in the effective theories: Massless components of string fields are related
to massless fields in the low energy effective theory. However, their relation is not direct
except at the leading order. They are related by some complicated “field redefinitions”.
Since massless fields in the effective theory or gauge invariant quantities made of them
have direct physical and geometrical meaning, it is very important to investigate these
field redefinitions.

In this paper we discuss the field redefinitions, and applying it we investigate some
classical solutions in the bosonic closed string field theory constructed in [P} ], and in
the heterotic string field theory constructed in [fI, [J. We construct the solutions in a way
similar to [f]: They are constructed order by order starting from solutions of the linearized
equations of motion. We have to introduce appropriate source terms in the equations to
obtain some solutions. It can be shown that the massless components of these solutions do
not receive higher order corrections. Roughly speaking, this is because our solutions contain

only a— _ and no a’

m Tn» and therefore higher order corrections have more and more a_

m-
On the other hand, on the effective field theory side similar solutions have been known: the

chiral null model and the pp-wave solution with B-field. They are a’-exact solutions [ [L0],



and can also be regarded as nonlinear extensions of solutions of the linearized equations of
motion. Since linearized equations of motion of both sides are equivalent, and the nonlinear
extensions of the linearized solutions look very similar, it is natural to identify them as the
same solutions. However, the solutions look slightly different because of the effect of the
field redefinitions.

Therefore we need explicit expressions of the field redefinitions for comparison between
those solutions. We show that some part of them can be determined by using T-duality
transformation. Since we know how T-duality transforms fields on both the string field
theory side and the effective theory side at least in the lowest order in o', the field redef-
initions are restricted by the correspondence between two T-duality rules. Although this
does not fully determine them, we stress that this method does not depend on the detail of
the interaction terms and the procedure of integrating out massive fields, and therefore the
result is universal. Using the field redefinitions and assuming that higher derivative terms
in them cancel, we see that our string field theory solutions really correspond to those in
the effective theory.

This paper is organized as follows: In section fl, we investigate solutions in open string
field theories as a preliminary to the closed string case. These solutions give simplified ver-
sion of those introduced in later sections, and are interesting in its own right. In section [}
we review basic facts about the closed bosonic string field theory and the heterotic string
field theory, fix notation, and give some general argument about the field redefinitions. In
section [l, we determine some terms in the field redefinitions by using the correspondence
between T-duality rules on the string field theory side and the effective theory side. In
section [, we give string field theory solutions which are constructed by the same way as
in section ], and have properties similar to them. We can find corresponding solution on
the effective theory side which is known to be a’-exact: the chiral null model. We confirm
the correspondence by applying the field redefinitions. In section [, we give more solutions
which again have properties similar to the one in section f}, find corresponding solution on
the effective theory side which is known to be a’-exact under some condition: the pp-wave
solution with B-field, and confirm the correspondence. Section [f] contains some discussion.

Let us give some remark about notation in this paper. In the effective theory we al-
ways use string metric. We put hats on quantities in the effective theory, and corresponding
quantities in the string field theory are denoted by the same symbols without hats. Space-
time indices denoted by * may be free or may be contracted with others. Unless otherwise
noted, spacetime indices are raised and lowered by 7,, .

2. Solutions in open string field theories

In this section we give classical solutions in open string field theories on one single Dp-brane
in the flat spacetime. The structure of these solutions is similar to the closed string field
configuration in section [], and will help readers understand more complicated closed string
cases.

For definiteness we use Witten’s bosonic cubic string field theory [[[] and Berkovits’
superstring field theory [[L1]. However our discussion does not depend on the detail of



the interaction vertices as long as they are defined by using correlators of conformal field
theory.

We separate spacetime coordinates z* into z+ = (2% + z!) and z°. z* and some of
P P V2

z* are along the D-brane. A\u denote gauge fields or scalar fields in the low energy effective
field theory on the Dp-brane, depending on pu.

We put the ansatz A\Jr =0, A\Z —0and A_ = A_ (z~,z%). Then the linearized equation
of motion for A\ﬂ reduces to

QO A_(z~,2") = 0. (2.1)

By solving this equation we obtain

A ) = ¥ pr e+ 16 22)

where 2 are constants and cr(x7), d;(x~) and f(z7) are arbitrary functions of z~. We
assumed p > 4. (Of course there are more solutions, such as d;;(z~)z‘a? with d,* = 0.)
f(x7) can be gauged away without changing the ansatz. The first term in (R.2)) is analogous
to the solution in [IF], and for this term we have to introduce delta function source terms
in (B.1). The second term is better known in the following gauge transformed form:

~

A A +0

L / - dm’di(m')] o, (2.3)
A, - A =0, (2.4)
g / ' dx’_di(m’_)] _ / " di(a). (2.5)

In other words, ,Zi = 0 and j@ are arbitrary functions of x—. This configuration and its

T-dualized ones have been investigated in [[[3-[L6], and have been shown to be a’-exact
solutions.

We can construct string field theory version of this solution order by order, in the same
way as that of [[f]. We can give an string field theory proof of the a’-exactness. First let
us consider bosonic case.

Notice that the string field configuration

d26 k kX
_ . ik-
o= / (27)26 iAu(k)cdX e (2.6)
with Ay =0, 4; =0, A_ = A_(k_,k;) and k;k’A_ = 0, satisfies the linearized string field
equation Q®y = 0, which is equivalent to the linearized equation of motion of the effective
theory.!

!Throughout this paper we freely switch from coordinate expression to momentum expression, and vice
versa. They are related by Fourier transformation. A_ = A_(k_, k;) really means that A_(k) is equal to
delta function 6(k+) times a function depending on k_ and k;. We hope this kind of notation causes no
confusion.



The full order solution is constructed by expanding the string field ® in some param-
eter g:
d = gPo+ ¢?°P + >Doy+ - - - (2.7)

The fully nonlinear equation of motion
QP+ d*=0 (2.8)

is decomposed into contributions from each order in g:

n—1
QP,, + Z B,y @1 = 0. (2.9)

m=0

Then imposing the condition by®,, = 0, we can solve these equations:

P, = —— Z By P 1. (2.10)

If we want to obtain the solution corresponding the first term of (R.Z), we have to introduce
the source term in (R.§). For that case see [f].
®,, has no k4 dependence, and consists of states with n_ —ny > n + 1, where ny are

numbers of a®_ in the Fock space representation of ®,. This can be proven by almost

m
the same argument as in [f]. This simple fact leads us to many nice properties: ® has
no tachyon component, and the massless component has no higher order contribution.
Therefore inverses of Ly are well-defined. Nonzero coefficient of each Fock space state
receives contribution from finite number of ®,,.

In general, A, is different from the gauge field of the effective theory A\w because
their gauge transformations are different. We need “field redefinition” to relate them. A
procedure to compute it order by order has been explained in [[7. (See also [[Lg].) EM is
expressed as a functional of A, as follows:

Xu = A, + (terms which are quadratic or higher in A, and may have derivatives). (2.11)

Here tachyon component is regarded as a massive field and integrated out, or is just put
zero after we determine the form of the field redefinition involving with the tachyon. Since
for our solution the tachyon component is exactly zero, either way eventually lead us to
the same conclusion.

Fortunately for our solution, A\u is equal to A, because the correction terms in (P.11))
contain either d,A* or A, A", which are zero for our solution. Combining this with the fact
that A, has no higher order correction from ®,, with n > 1, we can see that our A, = EM
is an o’-exact solution.

We can construct a similar solution in Berkovits’ superstring field theory. The lowest
order solution @ is given by

dOk .
Q)OZ/WAM(k:)Ecw“e_%Zk'X, (2.12)



where A, =0, A; =0and A_ = A_(k_,k;), and A_ satisfies k;k’A_ = 0. The equation

of motion is

0 = 1o(e”"Qe?)

o (D)
= nzor — 1)!770@, [@,[...,[®,Q%]...]. (2.13)

n

Expansion ® = g®¢ + ¢>®1 + ¢3®5 + - - - decomposes this equation into

n
=™
0=nQd+ Y > mm[@m, (@, [ [P QP ]] - -
m=1 N1,M2,. .y Mm4-1 :
ni+n2+-+nNmi1=n—m
(2.14)
With the condition by®,, = Gy ®,, = 0, we obtain the following solution.
Gy, by (-1
= oMo D > o 1B [P [ [ Q]
0 0 m=1 n1,M2,...;Nm4-1 :
nit+nz+-+nmy1=n—m

(2.15)

where

Gy = [Q, 7{ d—z,zbg(z)} , (2.16)

21

and we used the following properties:

{n0,Gy} = Lo, {Q,Gy} = {bo,Gy}=0. (2.17)

We can show that ®,, has properties similar to those of the bosonic case: ®,, consists of
and ¢% in the
Fock space representation of ®,. Therefore the massless component has no higher order

states with n_ — ny, > n + 1, where ny are sums of numbers of a®,
contribution. Nonzero coefficient of each Fock space state receives contribution from finite
number of ®,. A, is equal to the gauge field of the effective theory A,.

By the same argument as in [, we can also show that this solution is 1/2 supersym-

metric.

3. Closed string field theory and field redefinitions

In this section we review some basic facts of closed string field theories and discuss the field
redefinitions, which relate components in the string field and fields in the effective action.
We consider the bosonic closed string field theory [P, B based on the conformal field
theory for the flat spacetime. The string field ® is Grassmann even, has ghost number 2,
and satisfies (Lo — Lo)® = 0 and (by — by)® = 0.
First we consider tachyon component of ®:
d*k

P = / WT(k)cée’k'X. (3.1)



® obeys the reality condition that its hermitian conjugate is minus the BPZ conjugate:
he(®) = —bpz(®). Tt gives T(k)T = T(—k). Then the quadratic part of the action is

S < ()

26
2—,12 % [— </<:2 - %) T(—k)T (k)| .

This is in the standard form of kinetic term of scalar field with negative mass squared.

(3.2)

Next we consider massless components of ®:

3 3= ik-X 4 A=\ =5 ik-X
+ED (k) (e + de)co X e X 4 ED (k) (9c + de)cd X e

1

aEW(k)caaX“éX”e““'X + EW(k)cd*ce* X + E?) (k)ed?ce™ X

. (3.3)

The reality condition gives

Eu (k) = Eu(=k), EWE)T=EYD(-k), E@ K" =E®(-k),
EP k) = E®(-k), EP (k) =EM (k). (3.4)
The quadratic part of the action is

1 ~
3 (@ley Q®)

L[
- 2k2 ) (2m)%

x (E(?’)“(k:) + ik E@ (k) — iz’/&E‘&(k))

S —

1
—4 <Eff’)(—k) — ik, B (~k) + Zz’k”EW(—k)>

. 1.,
—4 <E;4>(—k) — ik, BV (—k) — i EW(—k)>

x (E(4)“(k) + ikPEM (k) + iz’szEA“(kO
4k, kP O(—k)p(k) — 2k2p(—k)h (k) + 2k, d(— k)R (k)
J&h“”(—k) (—thW(k) + 2k kb, M) — 2Kk hy (k) + muk‘Qhﬁ(k‘))

1

_Iiﬂpub—mfﬂwﬁki7 (35

where
s (k) = 5 (B (k) + B (k). (3.6)
Byu(k) = (B (k) — Eu(k)). (37)

o(k) = EW(k) — E@ (k) + iE,ﬂ(k:), (3.8)



E!([?') and Effl) are not dynamical, but are auxiliary fields, as can be seen from the
above quadratic part. We can integrate out them, and the rest of S @) coincides with the
quadratic part of two derivative truncation of the low energy effective action Sqg:

1 =~ o3| N ~n~ 1 s
Set = 53 | 4*°2y/=ge*? | R(§) + 45" 0,00, — T Hun H* | (3.10)
with the following identification:?
ﬁ;w = h,uua /g\;w = Nuv + TL/.UM (3'11)
Euu = Buw (312)
¢ = ¢ + const. (3.13)

Similarly, if we assume that tachyon field T in the effective theory has the standard form
of kinetic term, we can identify it with 7T'.
This identification can also be justified by gauge transformation. Massless part of

gauge transformation parameter A is expanded as follows:

26 ) B '
A= /(d—k[ & (1)(k)08X“e’k'X+ 1 6(2)(/<:)68X“elk'x

2m)2 | (/)32 (al)372F
2 _
—i-ﬁe(g)(k:)(@c + de)ettX ] . (3.14)
The reality condition hc(A) = —bpz(A) gives
D) =eP(=k), €Pk) =P (-k), Dk) =P (k). (3.15)

The linearized gauge transformation is

5® = QA, (3.16)
which gives
0B (k) = 2i(kyuel?) (k) — kuel) (K)), (3.17)
SEO(k) = Sk e (k) + €O k), (3.18)
SE®) () = %z’k“eff)(k) + @ (), (3.19)
SEW (k) = %erf})(k) ik ® (k) (3.20)
SEW (k) = %k%f)(k:) ik ® (k). (3.21)

2 1
€y = GL) - efL), (3.22)
1 2
Ao =€) + e (3.23)
23;“, = —hy, is also a possible identification, but can be excluded by computing 3-point interaction term

for two tachyons and one graviton. [@]



we obtain

Ohyy = ikye, +ikyey, (3.24)
0B, = ikuA, — ik, Ay, (3.25)
56 = 0. (3.26)

This is precisely the form of transformation expected from the effective theory. €, corre-
sponds to diffeomorphism, and A, corresponds to gauge transformation of B-field. Note
that these parameters do not contain ¢®),

There is no tachyon component in A. Therefore T is invariant under the linearized
gauge transformation. This is the property expected to T.

After integrating out El([g’) and Effl) in (B.5), E,.u, EM and E® remain. However, E(!)
and E® appears only in the combination of EM) — E®) . B — F(2) ig called ghost dilaton.
The other combination E(®) + E?) may appear in the interaction terms. There is no field
in the effective theory corresponding to E(M) 4+ E®?). So, if we want, we can eliminate this
field by the gauge transformation:

S(EW (k) + E@ (k) = %z’k“(eﬁ)(k) +eD (k) + 26 (k) (3.27)
with appropriate choice of ().

The above identification is valid only at the linearized level. In general, gauge trans-
formation of E,, and ¢ are different from those of E;w = /ﬁuu + B;w and 5 which has
direct geometrical and physical meaning. These are related by “field redefinitions” after
integrating out all the massive components. EH,,, QAS and T are respectively equal to E,,,
¢ and T plus correction terms which consist of two or more E,,, ¢ and T', and can have

derivatives:
EW = E,, + (terms quadratic or higher in E,,, ¢ and T'), (3.28)
¢ = const. + ¢ + (terms quadratic or higher in F,., ¢ and T), (3.29)
T=T+ (terms quadratic or higher in F,,, ¢ and T). (3.30)

We take such a normalization of fields that the coupling constant x and K appears only as
the overall factors of the actions. Then, as we can see from the procedure described below,
the field redefinitions do not contain them.

Detail of the calculation of the correction terms in (B.2§), (B.29) and (B-30)) is analogous
to the open string case in [[[7]] (See also [R(]): We take some appropriate partial gauge fixing

condition, for example Siegel gauge for massive modes and E() + E®) = 0 for massless
modes. This system still has residual gauge symmetry corresponding to diffeomorphism
and gauge transformation of B-field. This symmetry is a sum of gauge transformation with
the parameters €, and A,, and the compensating gauge transformation for maintaining
the above partial gauge fixing condition. The compensating transformation has no linear
terms in massless and tachyon components. We solve equations of motion for massive
modes and massless auxiliary fields. Then by using them the residual transformation can
be rewritten in terms of E,,,, ¢ and T. With a choice of covariant gauge fixing condition,



which we assume to take, the rewrited results are covariant under 26 dimensional Lorentz
transformation. If we like, we can also integrate out 7', regarding it as a kind of massive
mode.

Next we enumerate all the possible terms entering the field redefinitions of Euw (Z and
T and determine their coefficients by requiring that Euw a and T have the standard form
of the gauge transformation:

5By, = Dyé, + Dy, + 0,8 By, + 0,8 By — @ 0\Buy + 00, — 9,0, (3.31)
5¢ = 0, (3.32)
§T = 0, (3.33)

under gauge transformation of E,,,, ¢ and T plus the “trivial” symmmetry [BQ], where ﬁu
is covariant derivative with respect to g,,,. Terms in the field redefinitions are covariant if
we choose a covariant gauge fixing condition. Transformation parameters €, and Xw for
diffeomorphism and gauge transformation of B-field respectively, are also determined in
terms of €,, Ay, Eyp, ¢ and T'.

Note that the above procedure of integrating out fields is classical. Therefore we
are taking only o'-correction into account. We do not consider string loop correction.
Correspondingly we only consider o/-correction to Seg.

Some ambiguities remain after this procedure. Firstly we can add gauge covariant

terms.
El, = Eu+Uw(G.R,H,¢,T,D,), (3.34)
¢ =¢+V(G,R H 6 T,D,), (3.35)
T =T+W (@G, R,H,6T,D,), (3.36)

where Uy, V and W are arbitrary functionals made of g Guws ¢, T lA) , Riemann tensor R
with respect to g, and field strength H with respect to Buv Contractlons of indices in
Uuw, V and W are with g,,.

Secondly, we can make gauge transformations:

E,(x) = (8, +8,a") A (6,” + 8uo/')_yl pE)\p(m —a), (3.37)
() = 3z a), (3.38)
T'(z) = T(z — a), (3.39)
or
E\;w = E\MV + auﬁu - auﬁ;u (340)
J =9 (3.41)
T =T, (3.42)
where ot = a“(E &5\, f, 0) and B, = ﬂu(E, ég, T\, 0) are arbitrary functionals made of Euw

<;5, T and Op.-



These E:W, QAS’ and 7" are equally qualified as fields appearing in the effective theory,
in terms of their gauge transformations. These ambiguities can be regarded as field redefi-
nitions within the effective theory, rather than as relations between the string field theory
and the effective field theory. Note that only terms with derivatives are involved with the
second ambiguity. Terms made of E,,,, ¢ and T" without J, are not affected by it. In the
first ambiguity terms containing E,,, also have derivatives, except in terms in the form of
Y ($,T, D)gpu in Uy,

We can fix the first ambiguity for terms linear in E,,,,, ¢ or T in (B.2§), (B-29) and (B.30):
We know that the linear terms of (B-2§), (B:29) and (B-30]) correctly reproduce the quadratic

part of the standard form of the effective action Seg. Therefore we cannot add linear terms

any more.

Higher derivative terms in Seg arise in cubic or higher order in fields. Field redefinitions
with higher derivative terms make those terms look different, and we have no canonical
choice for them. Therefore we have no canonical way to fix the first ambiguity for higher
terms.

We can restrict the field redefinitions further by using the dilaton theorem [R1]: A
constant shift of the ghost dilaton is equivalent to a shift of x. In the effective theory a
constant shift of 5 is also equivalent to a shift of &, because we do not consider string
loop correction and a should appear with derivatives except the overall factor e 2? in the
effective action. Therefore we can identify these two shifts, and correction terms in the
field redefinitions should not contain ¢ without derivative. This restricts the first ambiguity
further: Terms with no derivative in the first ambiguity should have T, and therefore terms
without T always have derivatives.

In summary the field redefinitions are given by

Euv = L

+(terms which are quadratic or higher in F,,, 0,¢ and T,

and may have more derivatives), (3.43)
(/5 = const. + ¢

+(terms which are quadratic or higher in F,,, 0,¢ and T,

and may have more derivatives), (3.44)
T=r

+(terms which are quadratic or higher in F,., 0.¢ and T,

and may have more derivatives), (3.45)

and the ambiguities affect terms with derivatives, and terms with 7. This is because we
have no canonical expression for the effective action of the tachyon, even for two derivative
truncation.

By the procedure described above we can compute the field redefinitions order by order,
but in most cases coefficients can be determined only numerically. In the next section we
will see that some coefficients can be determined analytically. But before going to the

,10,



next section we repeat the above discussion in the heterotic string field theory constructed

in [ B].

We take superstring CFT as the left mover (without bars), and bosonic CFT as the
right mover (with bars). In this theory the string field ® is Grassmann odd, has ghost
number 1 and picture number 0. As in the bosonic case, (bg — bg)® = (Lo — Lo)® = 0.

Throughout this paper we set R sector components zero. The massless part of @ is

Vao!

Aok [ i bRk “ o T ik
o — /(_[ B (k)geite Peo X" et 4 Zm Ay (R)cyte e et

277)10 T./

coXrem X i B (k)eJe* X + EO) (k)¢occe P edPee’™ X
Ence’®X 4 E£5)(k:)caX“eik'X + Eﬁ?,)(k:)cz,b“w”eik'x
neytet X 4 E(S)(k)&bceik'x

dc + de)ecyte e X + B0 (k) (0c 4 de)e™ X

dc + 0)EdEce 2P e X etk X

—_— o~

where J% is the current of SO(32) or Eg x Eg which forms level 1 current algebra:

ab . TC
J(2)J(0) = ‘1—2 + M + (reg.),

(3.46)

(3.47)

where we take such a normalization that the length of roots is 2. The reality condition

bpz(®) = —hc(P) gives

Eu (k)T = Eu (=k), AL (R)T = A5 (k)
E(l)(k)T — E(l)(—k), E(Q)a(k)T — [4;(2)a(_1<;)7 El(f)(k:)T — jgjl(f)(_k)7
EN (k)" = EN (<k), ECR) = EO)(=k), ES) (k) = EL)(—k),
EN (k) = BN (=k), E® k) =E®(=k), EPF)" = ED(<k),

) 0 1

The quadratic part of the action is

R e

1 d'Ok 8 o Vol

X (E(g)”(k) - \/gz'k;ﬂE@)(k) + 4—@%@@(/@)

1, 1.,
—4 <Ef}1>(—k:) + 5ZIWEM)(—k:) + ik Ew(—k)>

X (E(“)”(k) - %ik“E@Mk:) - iik@ﬁ(k:))

— 11 —



_16 <E(12)“(—k) _

z giheas-n)) (B0 + i Az
B (k)P k)

+4K2p(—k)d(k) — 2k7 (k) (k) + 2K,k d(—k)W™ (k)
) (KR () 2B kb, M) = 2Dk o () + 20,0 8))

1 14
5 Hun () H A(k)] , (3.49)
where

1
hMV(k) = §(Euu(k) + Euu(k))v (350)

1
Blw(k) = §(E,uu(k5) - Eu,u(k))a (3.51)
b(k) = %(E@)(k) —2E®) (k) + 4E““(l<:), (352)
Fi (k) = ik, Ay(k) — ik, A} (k), (3.53)
H,ul/)\(k) - 3Zk[uBu)\](k) (354)
Note that E.. enters ¢ in the form of %E,ﬂ as in the bosonic case, and E®) (k) and E® (k)

appear only in the combination of E® (k) — 2E®) (k).

After integrating out auxiliary fields £ £ ), (11) and ES;), the above action reproduces

the quadratic part of the two derivative truncatlon of the effective action Sqg:

N 1 o~ o~
S = / dOz/—ge™ 9) + 49" 8,60,6 — WHW n FﬁVF““”
+(terms with Chern-Simons 3—f0rm)] , (3.55)
with the following identification:
Py = Py, (3.56)
By = B, (3.57)
6 = & + const., (3.58)
Al = A (3.59)
The linearized gauge symmetry is
0Py = QAy + noAs. (360)

The massless part of Ag is

d'k
Y=/ G

+ieW(k)eacce e T e X + O (k)(Oc + de)cdEce 20 et X || (3.61)

( )fC’(ZJMB Zk'X—FE(Q)(k‘)eik'X+6&3)(kj)fagce_2¢55Xueik'X
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and the reality condition bpz(Ag) = +hc(Ag) gives

D (k) =eP(=k), eD(k) =P (=k), P(k) =P (-k),

6(4)a(k)f - 5(4)“(—k), 6(5)(;€)T - 5(5)(—k).
The first term of (B.60) gives
5B = ivV2d/k,el) (k) — o/ik, el (k),
SAY = V/2ik, D (k),
SEW = ik, e® (k) — P (k),
SE®e — _eWa(p),

/

SE® = —%ik“eff)(k) + €O (k),

~

SE@W — _ %z’k“e&l)(k) +265) (k),
2
5) 1
SEP) = _\/; D (k) + ik,e® (k),
1 jo/ . .
SE = 5\/; (ke (k) — kel (k).

o
SE{M = e (k) — \/Ezkﬂe@)(k),

o
SE® = \/Ezk“ef})(k) — 269 (k),
9) _ o 5 o 5
SE) = -k el (k) + \/51@4 ) (k),
/
SE10 — %er(Q)(k) e (),

/

SEMD = Zk2e® (k) + ik, e® (k),

’ 4
5E(12)a — ﬁ/k26(4)a(k)
1 .

With the following definition of €, A,, w?,

the above transformation reproduces precisely the expected form:

5hW(k:) = ikye, (k) +ikyeu(k),

w(k) = iku (k) — ik, A (k),
5¢(k) =
0AL (k) = zk:uw (k).

,13,
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Note that this does not contain €¢? and €®. €@ enters only those without &. A; in the
second term of (B.6() does not enter hy,, By, ¢ and Af.

E@W 4+ 2E®) and those without & do not appear in the quadratic action, and may
appear in the interaction terms. These can be gauged away by A and e®).

We can expect that the dilaton theorem also holds in this theory: A shift of £ —2E®)
is equivalent to a shift of k. Although we have no proof, there is evidence for it [P2].
Therefore we assume it. (B:56), (B-57), (B:5) and (B-59) are correct only in the linearized
case, and have correction terms. Procedure for determining them is analogous to the
bosonic case. When A, = 0, those are given by (B.43) and (B.44) (with T = 0).

4. Field redefinitions and T-duality

In this section we discuss restriction on the field redefinitions imposed by T-duality trans-
formation. For an early study of T-duality in string field theory see [RJ].

We divide spacetime coordinates z# into z* and 2®. z* are directions which T-duality
transformation is applied to, and % are the rest.> We assume that z? are compactified to
a rectangular torus.

In the conformal field theory in the flat spacetime T-duality transformation is identified
with the parity transformation for the right moving sector:

Xp(2) = —Xg(2), Xi(2) — X{(2). (4.1)

This transformation is extended to string field theory with no modification, and relates
two string field theories in two different tori. In terms of coefficient fields in the string field
it is expressed by exchanging momentum and winding modes, and putting minus signs on
component fields if odd number of indices are contracted to X f% in the string field.

In this section we consider only the sector which has no momentum and no winding
number along z¢, and T-dualized quantities are denoted by primed symbols. Then the

above transformation transforms massless modes in the string field as follows:

E;,m = E,uaa (4.2)

E;” = —FE, (4.3)
1

(;5/ = ¢ — EE” (4.4)

On the effective theory side we have well-known T-duality rule [4]:
Ejj = —6i; + (0 + Eij), (4.5)
E; = —Ear(i + Eij); (4.6)
Eiy = (65 + Bij) ! Exe, (4.7)
Ety = Eab — Bai(8i5 + Eij) ' Ejvs (4.8)
e = *det(0;; + Biy) 7, (4.9)

3Indices a, b, . .. in this section should not be confused with those for the gauge group SO(32) or Es x Eg
in the heterotic case.
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where we consider only the case where T' = 0 in bosonic theory and Aj, = 0 in heterotic
theory.* This is consistent because T' and T are invariant under T-duality transformation,
and Aj; = 0 implies A;f = A\Z = A\;f = 0. Note that the above T-duality rule is the lowest
order relation in o/ and receives higher derivative corrections.

When linearized, (£.2), (f.3)) and (f.4) coincide with (E.5), (L6), (£7), (E8) and (LL9).
Therefore it is natural to identify those transformations. Then we can give some infor-
mation on the nonderivative part of the relation between E,, and E;w: Since we consider
only zero momentum and zero winding sector, the field redefinitions in the string field
theories on the both tori are in the same form. Therefore if we write down general form of
the field redefinitions and plug them into (fL.H)—([.9), then we can determine coefficients.
Because ([L.5)—(f1.9) are lowest order relation and we can give no information on terms with
derivatives, in this section we neglect those terms.

Let us note that the following e,

00 —1X
3 Lo A A Lo

Bﬂy = E/Jy + Q_HEN 1E)\12 e E)\ny == <6N - EEM E)\V (410)
n=1 o

satisfies ([L.)-(Eq) if we set E;w = ey This can be proven as follows. e, satisfies
Lo Lo
6“1, = E,LLI/ + §Eﬂ ey = E,LLI/ + §6M E)\V. (411)

First let us show (.5, or equivalently e;; + ej; + eire), ; = 0. From (E17),

1 1

€ij = Eij + §EZ kekj + 5 @'bebja (412)
1 1

aj = Eaj + §Eakekj + 2 abebj' (4.13)

From these we can express e;; in terms of E,,:

1 1 1 -Lb
eij = (5/“ - §Ei’“ - 1B <5ab - 5@’)) Eﬁ)
a .
1 1 —1d
x| Bij + 5By (56‘1 - §Ecd> Eq4 ). (4.14)

Therefore,

6;] = — (52 k + §EZ k + ZEZ a <(5ab — §Eab> Ebk)

a ik

1 1 —-1d
x| Bij + 5B <5cd - §Ecd> Eq ). (4.15)

C

“In some literature the signs of the right hand sides of (@) and (@) are opposite. This corresponds to
flipping sign of B-field, or exchanging the role of the left mover and the right mover.

,15,



Note that matrices in the first lines and second lines of ([.14]) and ([L.15) commute, because

they consist of the same matrix E;; + 3 E,® (5ab 1E, ) e Ey;.

By using these, it is straightforward calculation to show

1 1 1 -ib
= (51 k_ §El k_ ZEZ a (5@1) — §Eab> Ebk> (ekl + e;Cl + ekmelml)

a

x (894 Lpu g Lpe (5 «_lp d>_1dE J
-
2 4 ¢ 2°¢ .
Hence e;; satisfies e;; + e;j + eike;ﬁj =0.

Next we show ([£.§) and ([£7). From (f.13),

1 —Lb 1
€qj = <5ab - §Eab> (Ebj + §Ebk6kj> .
a
1 1 -1
ew=E*+ ¢ E) (6,0 - ZE") .
2 2 b

By using these and (L), we can show ([.g) and ([L.7) as follows.

Similarly,

1 —1b 1 ; i\ —
eh; = (5 — —Ea ) <—Ebj - §Ebk(_5kj +(0, +¢,”) lgj))

a

1
:—< ——E ) <Ebl+§Ebkek>(53+el )7

/ 1 1ky 7 a T
Cip = E +2( 6 (6 +€ )z )Ek 5a _§Ea )
a
i, iv-l(pja, L i pka I T
a
= (5Z k + e,ik;)iil kekb.

Finally, from (),

,16,
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Thus we have shown that e, satisfies ([.5)—([L.§) and is a good candidate for EW. Is
this the general solution for (L.H)—([.8)? The following is a partial answer to it, which is
the main result of this section:

~

E. =ew
+(terms in which p is a first index of F,. and v is a second index of E,,
and which contain at least one 1-1 contraction

and at least one 2-2 contraction), (4.23)
~ 1 1 , 1
o =c+¢— ZEM“— ilndet <5u - §EM >

+(terms which contain at least one 1-1 contraction

+and at least one 2-2 contraction), (4.24)

where ¢ is a constant, and 1-1, 2-1 and 2-2 contractions are defined as those of type Fy,E*,,
E,E*, and E,\E,» respectively. 2-1 contraction can be regarded as matrix product.
Therefore, noting that

v_ 1oy o~ L A
In det <5H ~ 5B, ) == BB B (4.25)
n=1

([{23) and (f:24) mean that terms written using only matrix product and trace are de-
termined by the first lines of them, and here we do not attempt to determine coefficients

of terms with 1-1 and 2-2 contractions. Those undetermined terms consist of only F,,

and quadratic or higher in it. In ([23), p and v may appear in the same E.: E,,, or

in different F..: E,Fy. As we will see later, some of the undetermined coefficients are
related to each other, and some are arbitrary.

To prove ([1.23), first we show that EW does not have the following types of term by
induction on the order of F,.:

(i) M x (scalar)

(ii) terms in which p is a second index of F,, and v is a second index of E,.,
(iii) terms in which p is a first index of E,, and v is a first index of E,,

(iv) terms in which p is a second index of F,, and v is a first index of F,.,

This is obvious at the linearized order. Suppose this is correct up to the order ()" !.

Then from ([L.H),

Eljl(p,.y» = (—Eij + EwEyj — E BBy + )| (5.yn
= —Eijl(p..
+(terms in which 7 is a first index of E,.

and j is a second index of F.y). (4.26)

,17,



Therefore terms listed above, of the order (F..)", are in the left hand side and the first
term of the right hand side. This means that those terms must change sign under T-duality
transformation. It is easy to see that terms of type (i), (ii) and (iii) do not satisfy this
requirement. For example, for (i), contractions of Fy,E?, and E,yE,* do not have sign
change from A under T-duality transformation. On the other hand, part of E,\E?, =
E..E° + E,;E', have sign change: F,,E° — E,;E',. Therefore there is no scalar made
of F.. which changes sign under T-duality transformation. So there is no term of type (i)
at this order. Terms of type (iv) may satisfy the requirement, but from (,

EuilBor = —EajlE.)n
+(terms in which a is a first index of F..
and j is a second index of F,,) (4.27)

and again order (F,.)" terms of type (iv) are in the left hand side and the first term of
the right hand side. They must change sign under T-duality transformation, and it can be
easily shown that there is no such term.

Thus we have shown that there is no term of type (i)-(iv). Next we show that e,
exhausts terms in which p is a first index of F,, and v is a second index of E,,, and there
are no 1-1 and 2-2 contractions i.e. there is no more term of the form jETJ’M)‘lj}T,’AI)‘2 By
Note that proving this completes the proof of ( because if there is at least one 1-1 (or
2-2) contraction, then there is at least one 2-2 (or 1-1) contraction, as the number of the
first indices and the second indices of F,, are equal.

Our proof of this fact is given again by induction. From ([L.5),

Eiil(p.)n = (—Eij + EiEyj — EExEyj + )| (2,.)n
= —Eij|(m.)n
+(terms with no 1-1 and 2-2 contractions)
+(terms with at least one 1-1 contraction

+and at least one 2-2 contraction). (4.28)

By the assumption of the induction terms in the second line of the last expression of ([£.28)
are those given by replacing E,. by es. We know that, as we showed earlier, terms
coming from only e, cancel between the left and the right hand sides, and if there is more
order (E..)" term of the form EM)“EAIA2 ... E),, it must be in the left hand side and the
first term of the right hand side. This means that it must change sign under T-duality
transformation. But it does not. This completes our proof of ({.23).

Next we show ([£24). From ([.9),
~ 1 . -1 .
¢ — Zln det(&-j + Eij) =¢— Zln det(éij + Eij) (4.29)
i.e.

~ 1 ~
¢ = Zln det(d;; + E;j) + (terms invariant under T-duality transformation). (4.30)
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Since 5 should consist of terms covariant under 26 (or 10) dimensional Lorentz transforma-
tion, and In det(d;; + EZ]) is not covariant, it should be possible to covariantize In det(d;; +
E Eij) by adding T-duality invariant terms. Naive covariantization of In det(d;; + EZ]) is
In det(6,,” +E ¥). However, since In det(dy; —i—E’U) In det(6,,” +E v) —In det (8, + E.P)
and In det (6, +E' ") is not T-duality invariant, this cannot be the correct covariantization.

This means that the covariantization is possible only when E;w takes some particular
form. This may give a restriction on possible form of the field redefinitions. We show that
EW = ey, allows us to covariantize det(d;; + EU) From (§.14),

1 1 1\t
det((gij + eij) = det <5ij + §Eij + ZEZ e <5ab — §Eab> Ebj)

1 1 1 —Lb -
xdet <5ij - 5By — B (5} - §Eab> Ebj> . (4.31)
and by straightforward calculation,
det (5/ — %E/) = det <5ab — %Ej)
xdet <5ij - %Eij - EEZ‘ a <5a” _ %Eab>1 bEbj> . (4.32)

From these,

1 1
In det(d;; + €;;) + 2 In det (6/ - 5EL”> = In det(d;; + e;;) + 2 In det (6/ - §EM”> .

(4.33)
By adding 1/4 of the above equation to (f.29), we see that when E,, = €,
~ 1 1
¢ = —5111 det <(5ﬂy - §Eﬂy>
+(terms invariant under T-duality transformation). (4.34)

We know that E’W may have more terms other than ey, . In that case, we separate
%ln det <5ij + EU> into contributions from e, and the rest:

1 ~ 1 ~
Zln det (5@‘ + E,‘j) = Zln det <5¢j + e + (E,‘j — 6,‘j)> (4.35)
1 1 ~
= Zln det(&ij + el-j) + Zln det (51] + (52J + eij)iil k(Ek] — ekj)) .

We have just shown that the first term of the above equation can be covariantized to be
—%ln det (5 v— 2 ), and the second term must also be able to covariantized by adding
noncovariant T- duahty invariant terms. Such covariantized terms have both of 1-1 and 2-2
contractions because Ekj — ey, does. In addition, in 5 we may have more terms which are
covariant and T-duality invariant. ¢ — iEH“ is the only such term linear in fields, and a
constant is also allowed. Quadratic or higher terms are made of only F,,, and in order
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to be T-duality invariant all the contractions are those of 1-1 or 2-2. This completes our
proof of ([.24).

To see how terms with 1-1 and 2-2 contractions behave, let us determine E;w and QAS
order by order. We start from EMV‘(E**)I = E,, and a’(E**)l = ¢, and the next order
contribution is determined as follows. From (JL.5)),

Eil(p..2 = (—Eij + EErj)l(p..)2
= —Eij|(..)2 + EikE;
~ 1
= —Ejjl(g..2 + §(E; "E,; + E;"E,;). (4.36)

Therefore E;w|(E**)2 = %EMAEAV = euw|(p,.)2- At this order this satisfies ({.5)-([.§), and

Zln det(d;5 + E;j) =1 <E” - §EijEji>
(Eu)? (Bux)?
1/1 1
=1 <§Ez‘ *Exi — §EijEﬂ>
1
= E <E)\pEP)\ — EZ]E]Z - EabEba> . (437)

By adding T-duality invariant term %(EijEji—FEabEba), we can covariantize —%ln det(6;;+
E;j). Then at this order ¢ is given by

~ 1

+ B, B (4.38)
(Eer)?

1 1
—511'1 det <5“1/ — §E“V>

(2)

where ¢;”’ is an arbitrary constant.
Next we investigate order (Ey)3.

Ez{j|(E**)3 = (—El-j + Ekﬁm - EikEklEljﬂ(E**)S

N 1 1
= —Ejjl (.. + §EZ- AB\FEy; + §Ei "EEyj — B EnEy

1
= —Ejjl(m..p + Z(E; "E,'E,;+ E;"E Y E,;). (4.39)

At this order we have two extra terms with coefficients cgg) and cgg), which are arbitrary

at this order:
= 3 3
Bz = epolponys + &V B By BN + & E\pE, B (4.40)

This satisfies (J.§)—(.§) at this order. Then,

1/~ 1~ ~
:—<EZ“— EijEji+

1 ~

(Bar)?
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1(1 1 1
= <ZEZ- B\ Epi — B “ExjEji — J EijB; Ex;

1
+gBij BBk + C§3)EiiE)\pE>\p + C§3)Ei>\EpiEp)\>

1

1 ; . 1
v A b

o’ ¢ 16
1
#5367 (B = B, B B
1
—{—chs) (E\VE"*E,, — E,*E"*E,,,). (4.41)
Therefore, by adding T-duality invariant terms, we obtain the following covariant expres-
sion of ¢:
n _ 1EVE )\EM 1(3)E AE J 2 1(3)EMEV)\E
gy = GBS BB + e BN Ew BY + ey B, vi
= ndet (o - Ltp i ®pap, pr L O p rpap, (149)
- 2 © 92H 4 1 A v 4 2 A v (F
(Bx)?

Order (F,)* contribution is calculated similarly:

Bl = euwlp..)s

1
+VE X BN Epp B + §c§”) (Eu2EnEN EP + EZE, E7E,P), (4.43)

n 1 v 1 v
¢|(E**)4 = —5111 det <((5/J — §Eﬂ )
(Exe)t

1 1
+§c§3)EWE”“EApE)‘p T §c§3) E,,E,'EPE",
+V B, E" B\, EY + &V E,,E,PEFEY,, (4.44)

(4) (4)

where ¢;’ and ¢y’ are arbitrary constants. Note that some coefficients of order (F..)*
terms are determined by lower order coefficients ng) and cg}’).

In this manner we can continue this order by order analysis. In general, new coefficients
appear at order (E,,)?"*! for EW, and at order (E,,)?" for ¢. Since new terms in ¢ do
not affect higher order computation, their coefficients are left undetermined. Therefore QAS
has infinitely many undetermined coefficients. Although the above low order computation
does not prove that c§3) and cg?') are completely arbitrary after taking full order effect
into account, it seems that E;w also has infinitely many undetermined coefficients. Since it
seems difficult to find general form of this kind of term, we do not investigate them further.

We have shown that some coefficients in the field redefinitions can be determined
analytically, just by assuming the correspondence of the T-duality transformations of the
two sides and the covariance of the terms in the field redefinitions. Therefore those terms
are universal and irrelevant of the detail of the definition of interaction terms and the

integrating-out procedure.

— 21 —



5. Solutions in closed string field theories 1

In this section we investigate solutions in closed string field theories based on CFT for the
flat spacetime, by employing the method of section P and [f]. Then we show that by the
field redefinitions these solutions are identified with an a’-exact solution in the effective
theory known as (generalized) chiral null model.

We separate spacetime coordinates z# into ¥ and z?. Let us consider the following
configuration in the bosonic string case:

E =0, Ey,=0, FE_,=E ,(k k),
EW =0, E® =0, EP =0 EY=0. (5.1)

In terms of string field,

d®k 1 L —— —
@0—/WJ[E_+(I€_7]CZ)V +E__(/€_,/€Z)V —i—E_Z(k_,/{:,)V 5 (52)

where VA = cc0XHXVeik-X"+kiX')  Note that the structure of the left mover of this
configuration is the same as that of the solution in section P]

Let us solve the linearized equation of motion @Q®y = 0. From the equations of motion
of E,(;’) and E,(fl), which correspond to Siegel gauge condition,

K'E,, =k"E, =0=—-k_E_, +kE_;=0. (5.3)
From the equations of motion of E,,,

kik'E,, = 0. (5.4)

Then equations of motion of E(M) and E@ are trivially satisfied.
Full order solution can be obtained by expanding ® in some parameter g: & = gPg +
g*®1 + ¢>®9 + - --. Then the equation of motion

0=Q0+) %[@n] (5.5)
n=2

is decomposed into contributions from each order in g:

N+1
1
AN:QcpNJFZm > [@n, Prys-- -, P, ] (5.6)
n=2 0<N1,N2,.... Np<N—1

Ni¥Not- -+ Npy=N—n+1

where we introduced source term A = gAg+g?A;+- - - in the left hand side of (5.5). For the
definition of the closed string field product [-, -, ..., ], see e.g. [f]. Coordinate expressions of
components in Ag are delta functions so that Q®g = A gives correct linearized equations
with delta function source terms. A should also satisfy (Lo — Lo)A = (bg — bg)A = 0. We
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demand ® and Ay for N > 1 satisfy these conditions and (bg+bg)®x = (bg+bo)An = 0.
Le.
bo®n = bp® N = 0, (5.7)
boANn = bpAnx = 0. (5.8)

This condition on Ay means that physical massive modes have no source. Then the

equations (p.4) are solved order by order:

bo + l_)o 1
Dy = — 0N = > [@n,, Pryse. o, D, ] (5.9)
| 19 29 Y nl’
Lot Lo 15 ™ o Mo w1
Ni+Nz+-+Np=N-n+1
bo—f—l_)() N+1

1
T L 1 Z [ANU(I)NQa"'aq)Nn], (510)

0<N1,Na,....Nn<N—1
N1+ No++Np=N-n+1

i.e. Oy is expressed by lower order @, and Ay is expressed by lower order ®5; and Ajyy.
From (p.10), Ay = 0 for any N if Ag = 0. (5.9) can be shown by acting bg + by on (f.4)
and using {Q,bo + by} = Lo + Lo. (5.10) can be shown by plugging (f.9) into (f.6)):

bo + l_)o N+1 1
AN: 7 _}_E Q E E 5 [(I)Nla(I)N27"'?q)Nn]
0T H0 =2 ™ 0<Ny, e, Np<N—1
Ni+Na+-+Np=N-n+1
T N+1
bo + by 1
= — _ g E Py, , D P 5.11
LO—{—L(]( (TL—].)'[Q N1y ¥ Ny > Nn] ( )
n=2 0<Ni,Na,.,Na<N—1

N1+No+-+Np=N-n+1
N+1 n—2

1

DD zm@Nl,...,@Nm,@NM,...,@Nnn),
n=3 0<Ni,Na,...No<N—-1 m=1 " :
N1+No+-+Np=N-n+1

where we used the following identity (see e.g. [B):

Q[(I)leq)NQa s 7q)Nn] = _[Q©N1)¢Nga s 7q)Nn] - [q)NUQ(I)NQ? s 7®Nn] -
_[q)NN q)Nga o 7Qq)Nn]
= > Ny P [P P (5.12)
{Zlvjk}

The sum (1,7} Tans over all different splittings of the set {1,2,...,n} into a first group
{i1,...,4} (I > 1) and a second group {j1,...,Jjr} (k > 2), regardless of the order of the
integers.

Then by eliminating Q® v, using (5.6),

bo + b ol 1

0 0

AN:_L0—|—EO<Z Z (n_l)![AN17(pN27"'7¢)Nn]
n=2 0<Ni,Na,.,Ny<N-1

NiFNo -4 Npy=N—n+1
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N+1

-> > (5.13)

n=2 0<Ni,Na,...,Ny_1<N—-1,1<N,<N-1
Ni1+No+---+Np=N—-n+1

Np+1

1
x Z Z 7'[(1)]\[1?"‘7®Nn_1a[q)M1;---,q)MmH

(n—1)!m!
m=2  0<Mj,Ms,..., My <Np—1
My+Ma+-+Mpm=Np—m-+1

N+1 n—2

+Z Z Zm[‘bz\f“---,@mﬂ,[<I>Nm+1,...,<I>Nn]]>.

n=3 0<N;,Na,.,No<N—1 m=1
N1+ No4 ot Ny=N—n-+1
By a careful rearrangement of the summation we can show that the second term in the
above equation is equal to minus the third term, and (p.10]) follows.
Since g can be absorbed into E,, by the rescaling ®; — ®y/g, henceforth we put
g=1.

Note that Fock space representation of the left moving part of ®( has only a_ ., and

m
has no k; dependence. Therefore the difference n_ — n of the number of a_,, and afm
of the left moving part of ®y is greater than or equal to N + 1. Therefore the minimum
level of the left moving part of @, increases as IV increases. Then by the level matching
condition (Lo — Lo)® = 0, the minimum level of the right mover also increases. This fact
can be proven in a similar way as in [f].

Therefore this solution has properties similar to those in section §} Tachyon component
of ® is exactly zero, massless components have no higher correction, and each coefficient of
massive Fock space state receives corrections from finitely many ® n. Inverses of Lo + Lo
are well-defined.

By the argument similar to that of [[f], we can see that ®; is well defined and smooth
everywhere, even if ®( has singularities due to the effect of the source terms. As has been
pointed out in [BJ, ®n can be written in terms of (N + 2)-point off-shell amplitudes.
Although it is technically difficult to compute 4-point or higher amplitude in closed string
field theory, we expect that higher ®y are also well-defined and smooth everywhere.

Next we consider analogous solution in the heterotic string field theory. The linearized

solution is

d i A
— - - AN/t N/~ ) A Vam
by = / NG {E_+(k_,k:,)V +E__(k_,k;))VT "+ E_j(k_,k)V™*|, (5.14)
where V# = §cw“e*¢’65X”ei(k—X_+k¢Xi). The linearized equation of motion nyQ®y = 0
reduces to the same equations (p.3)) and (f.4) as in the bosonic case.

The fully nonlinear equation of motion of this theory is

0=mn¥q
= QU+ 0,08 + [5.08.Q0) + [0, [0.08] +0(¢))
= QP + noZ. (5.15)
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For the definition of W, see [H.5 Z is defined by Vo = QP+ Z, and is quadratic or higher
in ®. As in the bosonic case, ® is expanded in a parameter g: ® = g®o + ¢>°P; + - - -.
Accordingly Z is also expanded: Z = g2Z; + ¢3Zy +--- (Zy = 0). Zy consists of ®,; with
M =0,1,...,N — 1. Then (b.15) is decomposed into

AN =noQPN +n0ZN, (5.16)

where we introduced source term A = gAg+ g?A; + - - - in the left hand side of (F.15]). We
demand that ¢ and Ay satisfy

bo®n = bo®y = Gy &y =0, (5.17)
boAn = bgAn = 0. (5.18)
(b.17) means that when we consider integrating-out procedure described in section f we

take this partial gauge fixing condition for massive modes. (H.16)) is solved order by order
by the following;:

Go bO“I‘BO
oy~ G0 0 107, 5.19
N LOLo—i-LOnO N ( )
T N
o bo + bo 1
bl

n=1"" 0<N;,Na,.,Nps1<N-1
Ni+Na+-+Npy1=N-n

X [AN17Q¢N2 + ZN27 Q¢N3 + ZN37 <. 7Q¢)Nn+1 + ZNn+1]' (52())

(b.19) can be derived by acting (b + 50)6’0_ on (p.16). (p.24) can be derived as follows.
Plugging (5.19) into (F.16), we obtain
bo + l_)o

An = = ZN. 5.21
N L0+L0Qn0 N (5.21)

On the other hand, from the following identity [H]:

o
_ 1 -
QU+ — (3] =0, (5.22)
n=2
we obtain
_ <1 - -
Qoo =—> — 0¥, V). (5.23)
n=1

Extracting order g1 contribution of this identity and using (5.16]) in the right hand side,

N
1
Oty -5 T A0 Q2 QO 2
n=1"""0<Ni,Na,...Npr1<N—1
Ni+No++Nptr1=N—n

(5.24)

V(1) in [E] is equal to k™1 ®.
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From this and (p.21]), (5.20) follows.

This solution has a similar property to the bosonic one: Let n4 be the sum of the
m and d)jfr in the Fock space representation of the left moving part of ® y,
then n_ —ny > N +1.

Therefore massless components have no higher correction, each coefficient of massive

numbers of a®

Fock space state receives corrections from finite number of @y, and inverses of Lo+ L are
well-defined.

Is there a solution of the effective theory corresponding to these string field theory
solutions? Here is a candidate known as (generalized) chiral null model [[, §]. This model
gives solutions of both bosonic and heterotic effective theory, and consists of nontrivial
string metric ds? = Gudxtdz” | B-field EW and dilaton &5\:

ds* = Fdz~da* + FK(dz™)? + 2F Ayda™ dx’ + dz'da’, (5.25)
B_, = %ﬁ+1, (5.26)
B_; = FA,, (5.27)

3= do(a™) + 3in(-F), (5.28)

~ ~

where ﬁ, I?, A; are functions of 2~ and zi: F = ﬁ(x*,mi), K= I?(a:*,xi), A = Xi(x*,xi),
and ¢q is a function of 7.6 In matrix notation,

-+ i
~(FKE F+2 2FA
Eyw=hw+Bu=+| 0 0 0o | (5.29)
i\ o o0 0

By coordinate transformation z+ — x+ — 2n(z~, 2%), K and A\Z are “gauge transformed”:

Equations of motion of two derivative truncation of the effective theory are reduced to the
following equations, which determine F', K and A;:

0=80F !, (5.31)

0= & Fy+Fle®0_(F e 29,F), (5.32)
1 N .~ ~ ~ ~ -~ ~ ~ ~

0=—Z00'K +0.0"Ai + 2F10% g + F1e?0_(F e 2%0_F), (5.33)

where f;‘j = 8,2] — 6]2{1

Important examples of this class of solution are configurations of infinitely extended
macroscopic F-strings [R5, and F-strings with waves on them [§], 6. To obtain these solu-
tions we have to introduce delta function source terms in the left hand sides of (p.31)), (p.32)

and (p.33).

SWe can further introduce linear dilaton term which shifts the central charge [ﬂ]
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Although we introduced this configuration as a solution of two derivative truncation
of the effective theory, in fact it has been shown that this is an o’-exact solution [, f.
Equations (p.3) and (F.4) are linear. Therefore we have to linearize the equations (f.31]),

(|5 32) and (p.33)) in order to see correspondence between our solutions. We assume that

QSO is a constant, and A satisfy the gauge fixing condition
—9_F 1494, =0, (5.34)

which is analogous to (f.3). Then (§.31), (p.32), (5-33) and (p.2§) are

0=80F ", (5.35)
0= 80'A;, (5.36)
0= 00K, (5.37)
~ ~ 1 ~

¢ = ¢o + ln(=F). (5.38)

We can see the similarity between two solutions: £, and Euv has the same nonzero
entries and the same coordinate dependence, and satisfy similar linear equations and gauge
fixing conditions. To make the identification clearer, we define F(x~,2%), K(x~,z") and
A;(z~,2%) as follows.
—2K F+2 —4A;
w = 0 0 0 . (5.39)
0 0 0

Then the gauge fixing condition (f.9) is

1 .
0= ZO,F + 0'A;, (5.40)
Equations of motion and ¢ are
0 = 9;0°F, (5.41)
0= 0;,0"A;, (5.42)
0= 0;0'K (5.43)
1
P = _Z(F +2). (5.44)

Although these are very similar to (b.34), (5.35), (b-36), (p-37) and (p.3§), we notice some
difference. This is because for these solutions E,, and ¢ are not equal to E w and qﬁ

respectively, unlike the open string case in section P Some correction terms in the field
redefinitions remain nonzero.

Note that the field redefinitions are directly available because we know that F,, and
¢ on the string field theory side and EW and QAS on the effective theory side have no higher
order correction. But before applylng the field redefinitions, let us determine the relation
between F', K, A; and F K A Roughly speaking F is inverse of F as we can see
from (5.34), (b.35), (5.40) and (f.41]). To determine the precise relation, first note that
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F+2 and F +2 are the deviations from the flat metric, and at the linearized order in F' +2
our solutions should be the same. We assume that F~! = a + bF. Then,

F+2=2+4(a—2b+b(F+2)"

=2+ (a—2b)"" —b(a—2b)2(F +2) + O((F + 2)?). (5.45)
Therefore,
24+ (a—2b)"' =0, —bla—2b)"2=1, (5.46)
which are solved by a = —1 and b = —1/4. Hence
~ 1
F=- > (5.47)
1+ 7F
and
K=K, A =A4. (5.48)

Then we can explicitly see that the equations of motion on both sides are equivalent, and
the gauge fixing conditions are the same.

Now we are ready to apply the field redefinitions and see whether the solutions are
really the same. Let us start with considering derivative terms. Note that when we claim
that a solution of two-derivative truncation of the fully corrected effective theory is an o'-
exact solution, we choose some particular form of higher derivative terms. This means that
correspondingly the ambiguity which we discussed in section [ is fixed in some particular
way.

Since F', K and A; are restricted only by the Laplace equations and the gauge fixing
condition, they and their derivatives 0, F, 0+0.F, ..., 0. K, 0+0.K, ..., 0+A;, 0+0:A;, ...
are independent functions. Although F and A; are related by (f.40), they still have enough
degrees of freedom which enable us to regard them and their derivatives as independent
as we can see by taking F' independent of z~. Then, terms with derivatives in the field
redefinitions should cancel each other when we plug our string field theory solution into
it, because E’W and $ on the effective theory side does not contain derivatives of F, K
and A;.

Assuming this, let us consider the remaining terms i.e. those without derivatives. Since
T = 0 in the bosonic case and Aﬁ = 0 in the heterotic case, we do not have to take terms
with 7" and Aj, into account. More importantly, for our string field theory solution 1-
1 contraction of two F.. vanishes: E)\*E)‘* = 0, which means that terms we could not
determine in ({.23) and ([£24) are zero. Then the remaining terms are

Ew/ = €uv, (5.49)
~ 1., 1 L1
gb = C + ¢ — ZEM — 5111 det 6# — §Eﬂ . (550)

We can see that plugging (5.39) and (f.44) into the above, (5.29) and (.38)) are reproduced

exactly, with the following identification between the constants:

~ 1
po=c— §ln2. (5.51)
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6. Solutions in closed string field theories II

In this section we consider another type of string field theory solution, and identify it with
another solution in the effective theory: pp-wave solution with nontrivial B-field, which is
known to be o’-exact under some condition.

We split z# into z*, 2% and z%2. Index i runs over both ranges of i; and iy. We give
linearized solutions different from the previous section. In the bosonic case,

d*k 1 -
‘1)0 = /WJ[E(k,kuakzz)v (k*’kil’km)

By (k= ki) V™ (k= 0, kiy ) + By — (k—, ki )V~ (K, 0, 1%)] : (6.1)

where VA¥(k_, ki, ki) = ccdXPOX e k=X kg X'l pkiy X'2),

In the heterotic case,

by = lekiEkkszffk:kk
0 — W\/TO/ **( —s Mgy i2) (*’ 115 i2)

+E_iy (k= ki )V (k= 0, kiy) + Eiy— (k— iy )V (k= 0, ki )] : (6.2)

where V* (k_, ki, , ki,) = EeprePed XV eilh-X " +kiy X' +kiy X12)

In both cases the linearized equations reduce to
kik'E, =0, (6.3)

and the solutions for fully nonlinear equations of motion are constructed in the same way
as in the previous section. Roughly speaking, since ®q has no X and 1™, numbers of
X~ or ¢~ in either left or right mover always increase when we take string field prod-
uct of V=7 (k_, ki, , ki,) and @y, which means the minimum levels of both left and right
movers increase by the level matching condition. When we take string field product of
two V= (k_,0,k;,), or two V1= (k_,0, k;,), numbers of X~ or ¢~ in either left mover or
right mover increase, which again means the minimum levels of both left and right mover
increase. When we take string field product of V=% (k_,0,k;,) and V1~ (k_,0, k;, ), num-
bers of X, ¥~, X% or 9" in both left mover and right mover increase. Therefore the
minimum level of product of ®( increases as we multiply more and more ®.

The precise statement is the following: Let n4 be the sum of the numbers of afm and
1/13 in the Fock space representation of the left moving part of @, ny be the sum of the
numbers of ', and ", in the left moving part of ®y, and let A and 7; be analogous
numbers in the right moving part. Then (n_ +n_) — (ny +74) > N + 1. In addition,
for &1, n_ +n; —ny > 2or n_ +n, — Ny > 2. Again these facts can be proven in a way
similar to that in [f].

For N =1, n_+nq or n_ + ny is larger than 2, which means ®; has no tachyon and
massless components. For N > 2, 2max(n_,n_) >n_+n_ > N+14+ny+ny > N+1> 3.
Therefore max(n_,n_) > 2, which again means that ®y has no tachyon and massless
components. Therefore this solution has the same properties as those of the solution in the

previous section.

,29,



Again we have a candidate for the solution of the effective theory corresponding to
this string field theory solution. It is the pp-wave solution with nontrivial B-field:

ds® = —2dx~dxT — QI?(dx_)Z - 4A\idx_daci + dztda?, (6.4)
B_; = 2B;,
¢ = do. (6.6)

~ ~

where @ is a constant, K = I?(a:*,xi), i = Aij(r~,2%) and B; = El(x*,xl)
)

)

Coordinate transformation x™ — 2™ — 2n(z~, 2") and gauge transformation of B-field

induce the following transformations.
I? - k + Qa—n(xiami)v ;{Z - ;{Z + ain(xiw%'i)’ (67)
B; — B; + 8;C(x~, 2). (6.8)

The equations of motion of two derivative truncation of the effective action reduce to

0= 81.7/:\;.]" (6.9)
0 = 8j§ij7 (6.10)
0= 80K —20_0'A; + Fi; F7 — G;,GY, (6.11)

where ]?ij == OZEJ - @A\Z and éij == &E] - 6]?3@

In [, B, [0 it has been shown that this solution is a’-exact when ]/:'ij and @-j are
independent of .

To match nonzero entries and coordinate dependence with our string field theory so-
lution, we put a restriction: Xil = Xil(x*,xzé), g,é =0, Eil = Eil(x*,xzé) and EQ =0.

Then the equations of motion are

0 = 0,024, (6.12)
0 = 8,02 Bj,, (6.13)
0 = 90 (I? + Ay AN Ejlﬁﬁ) . (6.14)
In matrix notation,
- + i1 02
- —2K 0 —24;, +2B;, 0
~ + 0 0 0 0
B = - . . 6.15
" i1 | =24 —2B;; 0 0 0 (6.15)
o 0 0 0 0

Accordingly, we define K (z~, %), A, (x~,2%) and By, (z~,z%) as follows:

—2K 0 —2Ai1 +2B;, 0

0 0 0 0
“2A;, — 2B, 0 0 0
0 0 0 0

E,, = (6.16)
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Equations of motion and ¢ are

0= 0,024, (6.17)
0 = 0;,0” By, (6.18)
0= 9;0'K, (6.19)
¢ = 0. (6.20)

It is natural to identify these two solutions with the following relation:

~

K+ A; A" — B B = K, (6.21)
Aj, = Aj,, (6.22)
Bj, = Bj,. (6.23)

Let us apply the field redefinitions and see if these solutions are really the same. Since
K, 0.K, 0.0.K, ..., A;, 0+4;,, 0:0+4;,, ..., Bi,, 0.B;,, 0.0:B;,, ... can be regarded
as independent functions, we assume that terms with derivatives in the field redefinitions
cancel each other. We do not have to take terms with 7" and Aj; into account because T' = 0
in the bosonic case and AZ = 0 in the heterotic case. Unlike the solution in the previous
section, 1-1 and 2-2 contractions do not vanish. However, by straightforward calculation,

EE" =0, E,E"=0, (6.24)
EA\EME,. =0, FE,E"E, =0, E\EFE,,=0, E.EYE, =0, (6.25)

which means that terms cubic or higher in F,., and terms with coefficients left undeter-
mined in section Yl are zero. Then the remaining terms are

~

1
E. = Eﬁy+-§E¢XE{” (6.26)
b =c+o. (6.27)

By plugging (p.16) into this (.15)) is reproduced, and the relation between the constants
is

B0 = c. (6.28)

Since a/-exactness of the solution on the effective theory side has been proven only when gil
and Eil are linear in 2% (some more discussion has been given in [R7]), and our configuration
is restricted by the weaker condition that gil and Eil satisfy Laplace equations, it may
not be possible to ignore higher derivative terms in the field redefinitions in general.

7. Discussion

We have shown that some terms in the field redefinitions are determined by using T-duality,
and found correspondences between string field theory solutions and effective field theory
solutions. Our analysis is in the closed bosonic string field theory and the heterotic string
field theory. However, since our analysis has used little information on interaction terms,
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our result seems universal. Although consistent type II closed string field theory has not
been constructed yet, our analysis can be applied to it once it is constructed and will yield
essentially the same result.

Terms in the field redefinitions left undetermined in section f] probably depend on the
definition of interaction terms and the gauge fixing condition for massive modes, and can be
determined by direct application of the integrating-out procedure. Higher derivative terms
can also be determined by computing o/-correction for the T-duality rule in the effective
theory. It is important to determine at least nonderivative terms for understanding how
to extract physical information from string field theory.

In this paper we have not paid much attention to the tachyon component. It is inter-
esting to investigate field redefinition for the tachyon to understand what happens when
closed string tachyon is condensed. For example, in a study of tachyon condensation in
orbifolds [R§], it has been found that both twisted tachyon and untwisted massless com-
ponents in the string field are involved in the tachyon potential. We can see if it is also
true in terms of the redefined variables and if the conjecture in [R9] is strictly true. We
also have not taken into account the gauge field in the heterotic theory. We can construct
solutions with nonzero gauge field, which have properties similar to the solutions in this
paper by the same mechanism. Our discussion on T-duality is also extended to the case
with the gauge field.

The R-sector part of the heterotic string field theory has not been constructed yet, and
therefore we do not know how supersymmetry is incorporated in this theory. Since some of
our solutions are expected to be supersymmetric, it is desirable to construct supersymmetry
transformation and confirm that our solutions leave some supersymmetry unbroken.
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